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BOHR-FAVARD INEQUALITY FOR DIFFERENCES AND 
CONSTANTS IN JACKSON-STECHKIN THEOREM 

Y. KRYAKIN 


Abstract. We consider uniform approximations by trigonometric polynomials. 
The aim of the paper is to obtain good estimates of the Jackson-Stechkin constants 
Jm- We prove that Qur proof is based on the difference 

analogue of the Bohr-Favard inequality. 


1. Introduction 

Let C{T) be the space of continuous function on the unit circle T = [—vr, 7r)/27rZ. 
Denote by the space of trigonometric polynomials Yl'j=-n of degree < n. Let 
C(T^) be the class of functions from C{T) which have no spectrum in [—n,n]. 

We are interested in the uniform approximations of / G C(T) by trigonometric 
polynomials. Set 

ll/ll := max|/(a;)|, ||/||i ;= / \f{u)\du. 

x£T Jj, 

We shall denote by 

EnU) ■■= inf ||/-r|| 

rGTn 

the best approximation of / G C{T) by r G T„. Dehne m-difference of / at a point 
X with step h as follows 

m 

i=0 

The m-th modulus of smoothness of / is dehned by 

sup |A^/(x)|. 

X, |/i|<(5 

The following theorem is one of the central results in approximation theory. 
Theorem J. If f E C{T), then 

2tt 

En(^f) — Jm^m^f 1 ); R A ni- 

n 

Theorem J was proved by Jackson [S] (m = 1), Akhiezer pp (m = 2), Stechkin 
PI (m > 2). Stechkin’s proof ^ p.205] does not allow us to obtain the estimate 

1 


/(a: — {m/2)h + ih). 
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Jm < for m > mo- We shall show that constant Jm tends to zero exponentially 
as m —> cxo. The main resnlt of the paper is the following. 

Theorem 1. For f G C{T), a := < 1, 

Enif) < ^ 2 fc(/, —q( 1 + 1/fc)), n>2k. (1) 

\k) ^ 

Corollary. 

< C" (2) 


There is a connection between (1) and the following theorem for fnnctions with 
nniform oscillation on [a, b]. We write / G 0„(a, 6) if / G C{a, h) and 


f*a+i{h—a)/n 


f{u) du = 0, i = 1,... ,n. 


Theorem W. For f G On{a, b), 


b — a 

< WnOOmif, -), n>m. 

n 


It is known that Wn < 2 + 1/e^ and Wn = 1 for n < 8 piT^. Note that onr conjectnre 
Wn = 1 implies Sendov’s conjectnre p. 

The condition / G On(a,b) is similar to the condition / G C'(T^). The Bohr-Favard 
PP ineqnality reads 

Theorem F. If f, G C{T^), then 

A ^ 

ll/il < F^n + Fn, ■-= - V(-ir(™+i)(2* + 1)—h 

TT 

1=0 

The following difference analogne of Theorem F is the key resnlt of the paper. 
Theorem 2. /// G C(Tjf), then 


k + l 271 

it) " 


n > 2k. 


The third theorem in this paper gives a link between Theorem 2 and Theorem 1. It 
is devoted to the approximation by Vallee Ponssin means. Denote by Sj the operator 
of i-th partial Fonrier snm. Let 


^k,m 


1 

m 




i=km 
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Theorem 3. If f E C(T), then 

^ 2{k + lf ,, 2n ^ 

\\f -Vk,mf\\ < — U 2 k{f,-^a), m>2. 

We shall use special pointwise difference operators 2 k- The operators w], 2 k 
were introduced by Ivanov and Takev j7j under the inffuence of Beurling’s proof 
of Whitney’s theorem in R and -R+ m p.83]. We should also mention Brudnyi’s 
paper [2] . It contains the construction of smoothing operators, which is widely used 
in approximation theory j3J p.l77]. The operators similar to Brudnyi’s 

operators, but provide more delicate estimates. 


2. Smoothing operators 
Let Ix be the identity operator at the point x E T. 

Ixf ■= f *5x = f{x). 

Averaging operator on [x — h, x + h], 0 < h < n, will be denoted by Ix,h- 

1 px-\-h 


Ix,hf ■= ^ I f{u)du. 


' x—h 


It is clear that 


where 


Ix,hf = / f{u)Bl{x-u)du={f*Bl){x), 


xE[-h,h] 

[0 xE[-h,hY. 

Set Ilh ■= Ix, Ix,h ■= Ix,h- Define /^, s = 2,..., by 

4V := (4,47 = (/ * Bl){x), Bl{x) := {BI * Bl^){x). 

Note that the nonnegative function Bf^ has the following properties: 

J Blfu) du = 1, 

supp Bf^{u) = [—sh,sh], 0 < sh < 71. 

Operator of differentiation D acts on Ix^h in the following way: 




This implies 


= (2ft)—5^(-i)"- 

i=0 


F 

x—mh+2ihi 


S > m. 
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The operators w^. 2 k measuring the local 2/c-th smoothness of a function are defined 
by 


2fc /2fc\ 

^=0 \ / 

We can write w^ f^ 2 kf 


4-2 





^x,—ih * ^x^ih' 


( 3 ) 


Note that 


w. 


x,h,2k 


/ = (-!/ 



Al^f{x)Bl{u)du, 


0 < skh < TT. 


\<,h,2kf\\ < 



-1 

UJ 2 k{f,sh). 


3. Proof of Theorem 2 
Rewrite (3) in the following form 


4 — 


k ( 

I o \ ^/' 1 ^^+l Vfc+d js 

,2k +^ 2^\ J-J ^2kyx,ih- 


2=1 


We shall show that for / G 4(4*“) one can choose s, h such that 


and 


From 


II4WII ^ c(4s,i)ll/ll, 

k ( 2k\ 

2 

i=l \k) 


11,J = {B-„ * f){x), 
we have for / G 4(4*“), r G 4, 


This gives 



By Favard-Nikolskii theorem jlj p.215] 

mf IIB'i - Till < F._in-'+‘||Z)‘-‘B*j||,. 

reTn 

The equality 

D"‘B‘{x) = (2hr"Ai,B‘,-"'(x), s > m, 
inf ||B*,.-t||i < 

reTn 


( 4 ) 


implies 
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Choose s = 3, h = (3Ti{2n) h We thus get 


C6 

c(h,3,i) < - r||i < AF2{/3my^ = 


and 


k / 2k ' 


( 2k \ 1 f N 


^ (2k\ 
i=l \k) 


ffi (“) 


(2k, 

r '" I < %# < 1. 


. 2=1 


(?) 


The identity (4) at the extremal point xq, such that |/(a;o)| = ||/||, gives 


The inequality 


implies 


l' 2fc 'j 

V fc j 


\wlh,2kf\\ < -pyW2fc(/,3//), 


/ - rf _k + l 271 ^ 


This completes the proof of Theorem 2. 


4. Proofs of Theorem 3 and Theorem 1 
Note that Vallee Poussin means Vk^m are the simple combination of Fejer’s 

{k+l)m—l 


'^k^m ^ ^ i^k l)cr(/c+l)'m—1 1? 

TDj 


i=km 


where 


a, := 


J + ^i 


E 


Si- 


i=0 


For Fejer’s means aj we have 

||n,/|| < il/il, Afn,/ = a,Af/. 

Therefore 

uJ 2 k{vk,mf, h) < {2k + l)cn 2 fc(/, h). 

Let g '.= f — Vk^mf £ C{Ty). Theorem 2 implies 

^k + 1 , 271 2{k+iy 27r , 

- Q ^^k{g, U2k{f, 


means. 


Theorem 3 is proved. 
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For the best approximation by trigonometric polynomials of degree n = km + i, i G 
[0, m — 1], m > 2, we get 

2(k + iF 27r 

Enif) < Ekmif) < 11/ - Vm,kf\\ < ^ «)• 


From 
we have 


n/{km) < {km + m — 1)/{km) < 1 + l/Zc, 


^»(/) £ — a(l + I/*:))- 

(l) 


This proves Theorem 1. 
The inequalities 


< 


^ 1^2) < V fc ; ' VS' 


2A; 


lead to (2). 
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